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Abstract. In this paper fuzzy set theory is applied to measure satisfaction levels from various
social aspects such as quality of life, employment conditions, or quality of a specific service,
and so on. The theory is based on the construction of a membership function to a fuzzy set.
In the literature some membership functions have already been suggested; the one
proposed here seems to be more consistent with practical applications. The approach is
used in a research project on “organisational well-being” and refers to a survey of
employees of a public administration.
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1. INTRODUCTION

The assessment of satisfaction from various social aspects such as quality of life,
employment conditions or quality of a specific service requires an indicator
measuring the level of subject satisfaction and latent variables that determine
overall satisfaction.

In applying fuzzy set theory (Zadeh, 1965; Zimmermann, 2001, 2010) it is
necessary to define a membership function (m.f.) of the fuzzy set being considered.
For example, let X be an observed variable of continuous nature that has been
discretized on an ordinal scale
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the set A of the pairs [x(k), µA(x(k)] is termed fuzzy, where 0 ≤ µA x k( )( ) ≤1  is a 

m.f. associated with ( )kx  such that 
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where 
*
x  and **

x , with  ***
xx < , are two terms from scale (1). 

In this context, the m.f. value ( )( )kA xµ  is interpreted as the membership 

level in the virtual set A of satisfied people: 0 refers to complete dissatisfaction, 

1 to complete satisfaction. 

Fuzzy set theory has been applied in different frameworks such as 

measurement of poverty (Cerioli and Zani, 1990; Lemmi and Betti, 2006), well-

being (Chiappero Martinetti, 2000; Baliamoune-Lutz, 2004), quality of life 

(Lazim and Osman, 2009), customer satisfaction for a service (Zani et al., 

2010; 2012) or satisfaction of graduates with the suitability of higher education 

for employment purposes (Crocetta and Del Vecchio, 2007).  

The fuzzy set approach proposed in this paper is applied to the analysis of  

well-being at work, or job satisfaction, using a sample survey of employees of a 

public administration. Different m.f. are proposed: the first is related to a single 

subject for each item; the second, expanding the first, relates to n subjects; the 

third relates to a latent variable D with respect to n subjects; the last approach is 

again related to D but with respect to a single subject i.  

In Section 2 the methodology of fuzzy sets is defined, in Section 3 

satisfaction levels are interpreted in terms of fuzzy sets, in Section 4 some 

examples are shown and in Section 5 the results of a survey on employee 

satisfaction are presented. In Section 6 some conclusions are proposed. 

2. FUZZY SETS 

Referring to equation (2), the set of values )(kx  > x* are called as support of A 

and the set of values )(kx ≥  x** are defined as core of A. A can be termed as 

normal when it has at least an element of measure equal to 1, as in (2). A set 
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can be called  singleton if the support consists in a single element or as empty if 

the m.f. of all the elements is null. 

The union of two fuzzy sets A and B, defined in the (1), is the fuzzy set 

BAC ∪=  such that 

( )( ) ( )( ) ( )( )[ ]
kkk

C

x
B

x
A

x µµσµ ,= , 

where σ  is a function that takes values in the closed interval [ ]1,0 , and it is 

symmetrical, associative, monotone, with neutral element 0.  

We considere the following function: 

 [ ] [ ])(),(max)(),( )()()()( kBkAkBkA xxxx µµµµσ = . (3) 

The fuzzy set BAD ∩=  is termed as intersection such that 

( )( ) ( )( ) ( )( )[ ]
kBkAkD
xxx µµτµ ,=  

with τ  function which takes values in the closed interval [ ]1,0 , and is 

symmetrical, associative, monotone, with neutral element 1. We chose the 

following two functions: 

[ ] [ ])(),(min)(),( )()()()( kBkAkBkA
xxxx µµµµτ =  

   (4) 

[ ]=)(),( )()( kBkA xx µµτ )()( )()( kBkA xx µµ . 

A* is a fuzzy set with S components As (s=1,2,…,S), each of which is a fuzzy 

set defined on the scale (1). B* is another fuzzy set with T components Bt 

(t=1,2,…,T), each of which is defined on scale (1). A* and B* can be 

interpreted as matrices of measures with dimension S x K and K x T 

respectively. 

Considering the S x T pairs (As, Bt) (As ∈A*, Bt ∈B*), we can associate the 

measure  

 ( )( ) ( )( )












= kB*BkA*A*B*A xµ,xµminmaxµ
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 (5) 

where ( )( )kA*A xµ
s

 denotes the measure associated with the value ( )kx  relating to 

the variable As of A*. A similar meaning is associated with ( )( )kB*B xµ
t

. The 
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which coincides with a singleton if ( )
∗

> xx
k

 and with an empty fuzzy set if 

( )
∗

≤ xx
k

. If all the values ( )
∗

> xx
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 have at least a correspondent among the n, 

we have 
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If we denote the relative frequencies by ( )( )ks xf and the cumulative ones by 

equation (5) is termed as relation or composition between A* and B* and can be 

seen as the result of the product of matrix A* and the transposed B*, where the 

product of two generic measures is substituted by the second of the (4) and the 

sum by the (3). 

A more generic definition of a fuzzy set than the one presented in (2) can 

be given. This definition is not necessarily related to a normal set. Specifically, 

if Kk x,...,x,...,x1  are K  values with m.f. )(
kA
xµ ,

,
the pairs set 

 ( )[ ]
kAk
xx µ,   (6) 

describes a fuzzy set A ( ( ) 10 ≤µ≤
kA
x ). 

3. FUZZY SETS AND SATISFACTION LEVELS 

Let us consider n subjects, expressing their satisfaction level with a variable Xs 

of a generic dimension D. Considering the ordinal scale (1), we can associate a 

single subject i with the m.f. 
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which is considered as a satisfaction measure in 
s
X  if the response of i to the 

survey questionnaire is ( ) ( )( )∗∗∗
≤≤ xxxx kk

. 

With subject i, the associated fuzzy Gis is 

( ) ( ) ( )
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leaving constant support and core (2), 
)(k

x  and equation (8) form a fuzzy set Fs.  

The set 
sss
FGA ∩=  with 
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where the second part of equation (4) has been used, is a fuzzy set, with support 

and core (2), whose measures show the membership of all n subjects to the 

group of people satisfied with
s
X . 

Equation (9) can be used: a) to assign a m.f. to the variable 
s
X  

by the n 

subjects or the single subject i, considering as a virtual set the latent variable D, 

b) to assign a satisfaction measure relating D the subject i, and c) to compare 

pairs of latent variables. 

In case a), first of all the K measures in (9) have to be synthesised to a 

single measure considered as the "weight" to be given to
s
X . Putting 

∑
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where we obtain *

min
µ  when all the relative frequencies are associated with 

value )(Kx  and *

max
µ  when all the frequencies are associated with one of the 

values *
)(
xx

k
≤ , we consider the following normalised version 
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where the second component identifies an m.f. expressing the level of 

membership of Xs in D given by the subject i. 

In regard to case b), the synthesis of the measures given by equation (13), 

that is 

 

( ) ( )∑
=

=
S

s

ss ii

1

~ µµµ

 (14) 

can be seen as measure of satisfaction relating to the latent variable D for  

subject i.  

In case c), to compare two latent variables we can proceed as follows: let S 

be the observed variables of a latent variable D, each of which describes a fuzzy 

set relating to scale (1). If we do not consider the core, the S variables produce a 

SxH matrix of measures, where H < K are values of scale (1), and the m.f. of  

If the values (1) coincide with the first K integer numbers, we have 

1
*

min =µ  

**
2

1****
max xK

xx
−+

+−
=µ . 

Let us consider S measurable variables that together compose the 

dimension D, equation (10) can be seen as a m.f. of 
s
X  and can be interpreted 

as the level of membership of 
s
X  in D, assigned by the n subjects. 

Considering now the subject i, we can see that the pairs 

 [ ]
ss

X µ~,  (11) 

produce a fuzzy set according to equation (6), and the same holds for the pairs 

 [ ])(,
ss
iX µ  (12) 

where )(
s
iµ  is defined by equation (7). The intersection between the two fuzzy  

sets, for the second part of equation (4), leads to 

 ( )[ ]sss iX µµ~,  (13) 
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Table 1: Example 1

x(k) f x
A k1 (( ) µ

A k
x

1 (( )
1 0.40 0.00
2 0.40 0.20
3 0.20 0.50
4 0.00 0.75
5 0.00 1.00

Table 2: Example 1

x(k) f x
A k2 (( ) µ

A k
x

2 (( )
1 0.10 0.00
2 0.30 0.10
3 0.30 0.35
4 0.30 0.75
5 0.00 1.00

)(kx  relating to 
s
X , now indicated with ( ))(kXD x

s
µ , coincides with the right 

side of equation (9). Let D’ be another latent variable of T dimensions which, 

with the previous limitations, is presented as an H x T matrix. The relation 

between the two matrices can be seen as the “product”, as already stated in the 

previous section.  

In other terms, the measure 

 ( ) ( ) ( )[ ]{ })('')(' ,minmax', kXDkXDtsDD xxXX
ts

µµµ =
�

 (15) 

is associated with each pair ( )',
ts
XX , according to equation (5). 

If the values given to the pair ( )',
ts
XX  coincide with the m.f. of D, we can 

say that D has a higher level of satisfaction compared to D.  

If, instead, the m.f. of the matrix are some of D and some of D’, the 

comparison of the two dimensions is difficult. This will be clarified in the 

following section. It is important to notice that for the structure of equation (15) 

the core has been cancelled because it would always produce a unitary matrix.  

4. EXAMPLES 

Let us consider the two following situations related to the variables 
1
A =

1X and 

2
A =

2X  of dimension D: 
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Table 3: Example 1

x(k) f x
A k1 (( ) µ

A k
x

1 (( )
1 0.00 0.00
2 0.10 0.03
3 0.40 0.25
4 0.40 0.68
5 0.10 1.00

Table 4: Example 1

x(k) f x
A k2 (( ) f x

A k2 (( )
1 0.00 0.00
2 0.00 0.00
3 0.20 0.01
4 0.50 0.53
5 0.30 1.00

where the last two columns, according to equation (9), are the measures 

associated with scale (1). Using equation (10) leads to m.f. 1
~µ = 0.13 for 

1X and 

2
~µ = 0.87 for 

2X , that is a higher level of satisfaction for D expressed by 
2X  

compared to 
1X . If the subject i has answered, for example, 3 for 

1X and 2 for 

2X , according to equation (7) we have for the first 0.5 and 0.25 for the second, 

so that using equation (14) allows us to give to i a measure of satisfaction equal 

to =)(iµ 0.25. 

Comparing the two m.f. shown in the last two columns of Tables 1 and 2 

the level of satisfaction for 
1X  seems to be higher than the one for 

2X  since the  

m.f. of the first is higher or equal to the second. As a matter of fact, comparing 

the two, the interpretation follows a different logic since the m.f. depends on 

cumulative frequencies. It follows that the rule which associates a higher level 

of satisfaction to the m.f. which are close to unity has an opposite meaning. 

Anyway, the comparison of items must not be made among the m.f. ( )
)(2 kA

xµ  

depending on 
)(k

x (k = 1,…,K) but among the m.f. 
s

µ~ depending on  s (s = 

1,…,S). 

Let us consider now a second dimension D’ of two variables '1X and '2X , 

with: 

According to the (10) the measures are '
1
~µ = 0.38 and '

2
~µ = 0.62; if the subject i 

has again answered 3 for '1X  
and 2 for '2X , it is given a measure equal to 

=)(' iµ 0.35, to the same subject.  
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The two matrices are instead:  

2 3 4   2 3 4 

1X  0.20   0.50   0.75  '1X  0.03   0.25   0.68 

2X  0.10   0.30   0.75        '2X  0 .00     0.01     0.53 

and their relation according to the (15) is: 

'1X  '2X  

1X  0.68    0.53 

2X  0.68    0.53 

Since the values of the matrix are the m.f. of the observed variables of D’ we 

can say that D’ has a higher level of satisfaction than D.   

5. APPLICATION 

The methodology presented in the previous sections has been applied to analyse 

the data from a survey conducted on the organisational well-being of 

employees of a public administration in Italy. 

The organisational well-being is becoming more and more important since 

it is related to psychological illnesses that can derive from a lack of well-being 

in the working environment. These illnesses can represent a social cost as they 

have to be diagnosed and treated. In this context, satisfaction is taken in 

consideration with respect to the organisational well-being. 

The questionnaire examines ten dimensions or latent variables. For this 

application we propose the following three dimensions which we consider most 

significant: D1, D2 and D3, with: D1 = relationships with colleagues, D2 = 

organizational equity and D3 = relationships with supervisors. For the last one. 

A detailed elaboration is presented. Items considered for each dimension are the 

following: 

– 1X1  = Is there partnership with colleagues? 

– 1X2  = In the working group who has information makes it available to         

                everyone? 

– 1X3 = In the working group everyone is committed to achieve results? 

– 1X4 = Among colleagues we listen and we try to meet each other's 

         needs? 

– 2X1 = Does the University offer career opportunities for everyone? 
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Table 5: Frequencies related to the satisfied of the items of each dimension

D1 D2 D3

1X1  0.80 2X1   0.15 3X1   0.66

1X2  0.72 2X2  0.21 3X2   0.63

1X3  0.76 2X3   0.32 3X3  0.65

1X4  0.76 2X4   0.22 3X4   0.44

3X5   0.42

– 2X2 = Are commitment at work and personal initiative appreciated (with      

              rewards, commendations, etc.)? 

– 2X3  = Are there opportunities for updating and professional development? 

– 2X4 =  Are economic incentives distributed on the basis of the effectiveness of  

              performance? 

– 3X1 = Do the supervisors treat their employees fairly? 

– 3X2 = Is the supervisors' behaviour in agreement with the stated 

          objectives? 

– 3X3 = Do the supervisors want to be informed about the problems  

                and the difficulties their employees have at work? 

– 3X4 = Do the supervisors involve their employees in decisions related 

                to their own work?   

– 3X5  = Are the evaluation criteria fair and clear? 

The questionnaire was submitted to 715 employees belonging to four 

management levels (except the executives) and pertaining to all the sectors of 

the organisation. Only 61% of the employees completed the questionnaires; 

however, only 295 questionnaires with complete data have been taken into 

consideration. The modalities )(kx  of  each observed variable are four, such as: 

( ) 11 =x
 

definitely no, ( ) 22 =x partially no, ( ) 33 =x
 

partially yes,  ( ) 44 =x
 

definitely yes. The sum of the frequencies of the first two items expresses how 

many employees are dissatisfied; and, the sum of the frequencies of the last two 

items measures how many employees are satisfied. Such frequency is shown in 

Table 5 for the items of each dimension.  

In regard to dimension D2 (organisational equity) we can see the lowest 

frequencies of people satisfied, while in regard to D1 (relationships with 

colleagues) we can see the highest frequencies of people satisfied.  

In regard to dimension D3 and applying the methodology presented in 

Section 3, the aims are: 

a) to define the m.f. of each item of a dimension and make a comparison; 

b) to define a measure of satisfaction for each subject relating to the 
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Table 6: m.f.  ( ))(kA x
s

µ    of 295 subjects for each value of the scale of the items of dimension

D3

x(k) 1 2 3 4

3X1 = A1 0 0.11 0.51 1

3X2 = A2 0 0.12 0.55 1

3X3 = A3 0 0.12 0.46 1

3X4 = A4 0 0.19 0.61 1

3X5 = A5 0 0.19 0.58 1

Table 7: m.f. sµ~  for each item of dimension D3

3X1 3X2 3X3 3X4 3X5

0.24 0.21 0.27 0.13 0.14

) j g

considered dimension; 

c) to compare pairs of dimensions. 

To do this we have to refer to the following functions: 

�  ( )siµ , defined with the (7), relating to subject i. 

� ( ))(kA x
s

µ , defined with the (9), producing the m.f. of the 295 subjects 

relating to the fuzzy sA , that is the m.f. of all the subjects expressing a 

value in the scale of each item of the dimension. In regard to D3 such 

functions are shown in Table 6. 

The case a)  is satisfied by sµ
~ which is m.f. relating to fuzzy (11). The function 

shows the level of satisfaction for each item of the dimension D3 expressed by 

the whole group of respondents (Table 7). 

    The highest level of membership, given by the 295 subjects to the group of 

people satisfied for the dimension D3, is equal to 0.27 and in correspondence to 

item 3X3. Despite being a relatively low value, however, we can see in Table 6 

that the lowest m.f. value is associated with this variable and in correspondence 

to the scale value 3; this confirms what stated in Section 4 as regards Examples 

1 and 2.  

In regard to case b) it has been used ( ss iµµ~ expressing the level of 

membership of an item to the dimension given by a single subject. Adding 

these functions for all the items of one dimension, according to the (14), we 

have the measure of satisfaction of each subject ( )iµ  for one dimension. The  

frequency distribution of these measures for D3 is shown in Table 8. 
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Table 9: Comparison of dimensions D3 and D1

3X1 3X2 3X3 3X4 3X5

1X1 0.41 0.41 0.41 0.41 0.41

1X2 0.46 0.46 0.46 0.46 0.46

1X3 0.46 0.46 0.46 0.46 0.46

1X4 0.49 0.49 0.49 0.49 0.49

Table 10: Comparison of dimensions D3 and D2

3X1 3X2 3X3 3X4 3X5

2X1 0.51 0.55 0.46 0.61 0.58

2X2 0.51 0.55 0.46 0.61 0.58

2X3 0.51 0.55 0.46 0.61 0.58

2X4 0.51 0.55 0.46 0.61 0.58

Table 8: Frequency distribution of values µ µ µ µ µ (i) for dimension D3

Classes 0-0.1 0.1-0.2 0.2-0.3 0.3-0.4 0.4-0.5 0.5-0.6

ni 18 15 23 31 44 23

% 6.1 5.1 7.8 10.5 14.9 7.8

Classes 0.6-0.7 0.7-0.8 0.8-0.9 0.9-1 Amount

ni 53 34 19 35 295

% 18 11.5 6.4 11.9 100

In regard to case c)  the dimensions can be compared according to the (15). 

Tables 9 and 10 show the comparison of dimensions D3 - D1 and D3 - D2. 

      The values shown in Table 9 coincide with the m.f. of dimension D1, 

therefore being the best one in terms of satisfaction, relating to dimension D3; 

in Table 10 there are the m.f. values of dimension D3, which is therefore the 

best one relating to D2.  

Considering now the possible comparisons in pairs between the analysed 

dimensions, we can say that dimension D1 always takes values of m.f. lower 

than dimensions D2 and D3, therefore being the best one. Then we have a 

dimension ranking, D1 - D3 - D2, which is coherent with what shown in Table 5, 

where D1 is the best one and D2 is the worst one. 
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